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What is Synthesis?2

Specification

Design 
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SystemEnvironment

Input

Output

Synthesis
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How does Synthesis work?3

1. Synthesis via Game Solving

2. Bounded Synthesis



AKDV

From which states can        win?

1. Synthesis is a Game6

Specification

Game

Winning Region W

Winning Strategy S

System Implementation Environment

in

out

What shall         do to win?

always(blocked = 1 → visit ≠ 𝑏)

W


visit=b

blocked=0

visit=*

blocked=1

visit ≠ b
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How does Synthesis work?5

1. Synthesis via Game Solving

2. Bounded Synthesis

▪ Given k, is there a system with k 

states that fulfills the specification?

▪ SMT Encoding

▪ Today: Consider only safety specifications 
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System

▪ I = {i1, i2, …, im} is a set of Boolean inputs

▪ O = {o1, o2, …, on} is a set of Boolean outputs

System

i1
i2
im

o1
o2
on

clock

Inputs:

Outputs:
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System: What is Inside?

Moore Machine:

▪ A Moore Machine is a tuple M = 𝑆, 𝑠0Σ𝐼 , ΣO, 𝜏, 𝑜𝑢𝑡

▪ S … finite set of states

▪ s0 …initial state

▪ I …inputs, Σ𝐼 = 2𝐼 …input alphabet

▪ O …outputs, ΣO= 2𝑂 …output alphabet

▪ 𝜏: 𝑆 × Σ𝐼 → 𝑆 …transition function

▪ 𝑜𝑢𝑡: 𝑆 → Σ𝑂 …output function

System

s0 s1

¬𝑟

¬𝑟 𝒈¬𝒈

r

g

clock

𝑟

𝑟
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System trace 8

▪ A system path is an infinite sequence 

𝑠𝑜𝑖0 𝑠1𝑖1 𝑠2, 𝑖2 …

▪ such that 𝑠1 = 𝜏 𝑠0, 𝑖0 , 𝑠2 = 𝜏 𝑠1, 𝑖1 , …

▪ A corresponding system trace is an infinite sequence 

ത𝜎 = (𝑜𝑢𝑡 𝑠0, 𝑖0 )(𝑜𝑢𝑡 𝑠1, 𝑖1 )… .

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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From a Moore Machine to Hardware

Simple Transformation:

▪ The current state 𝑠 ∈ 𝑆 is stored in flip-flops

▪ 𝜏: 𝑆 × Σ𝐼 → 𝑆 and 𝑜𝑢𝑡: 𝑆 → Σ𝑜 are combinatorial circuits

Hardware

r

clock

T
out𝜏 g

Implementation

s0 s1

¬𝑟

¬𝑟 𝒈¬𝒈

r

g

clock

𝑟

𝑟
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Safety Specification

▪ ∀ത𝜎 ∈ Σ𝐼 × Σ𝑜
∗. ത𝜎 ⊨ 𝜙 → ∀ത𝜎′ ∈ Σ𝐼 × Σ𝑜

∗. ത𝜎 ⋅ ത𝜎′ ⊨ 𝜙

▪ Traces that do not satisfy 𝜙 cannot be extended to traces that satisfy 𝜙

▪ “bad things must be irremediable”
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Specification = Safety Automata

▪ A Safety Automaton is a tuple 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ Q …finite set of states

▪ q0 …initial state

▪ I …inputs, Σ𝐼 = 2𝐼 …input alphabet

▪ O …outputs, ΣO= 2𝑂 …output alphabet

▪ 𝛿: 𝑄 × ΣI × Σ𝑂 → 𝑄 …transition function

▪ 𝐹 ⊆ 𝑄 …set of unsafe states 

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Example: Safety Specification

▪ Every request must be granted in the next tick

▪ In LTL: 𝜙 = 𝐺(𝑟 → 𝑋𝑔)

▪ Safety automaton: 𝜙

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Run of 𝜙 on 𝑀13

Safety Automaton 𝜙
State:         q ∈ 𝑄
Transition:  𝛿: 𝑄 × ΣI × Σ𝑂 → 𝑄

Moore Machine

State:          s ∈ 𝑆
Transition:   𝜏: 𝑆 × Σ𝐼 → 𝑇
Output:        𝑜𝑢𝑡: 𝑆 → Σo

i ∈ Σ𝐼 𝑜 ∈ ΣO



AKDV

Run Graph = Product 𝑀 × 𝜙14

▪ Take current state of M: s

▪ Take current state of 𝜙: q

▪ (s,q) is the current state of a run graph

▪ Take the current output: out(s)

▪ Take any input: i

▪ (i, out(s)) is the current edge label

▪ Take next state of M: 𝑠′ = 𝜏 𝑠, 𝑖

▪ Take next state of SA: 𝑞′ = 𝛿 𝑞, 𝑖, 𝑜𝑢𝑡(𝑠)

▪ (s’,q’) is the next state of a run graph

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Example: Building the Product15

Bettina Könighofer

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Bounded Synthesis for Safety Specs 

▪ Given a safety specification 𝜙

▪ Given a number k

▪ Is there a system with k states that fulfills 𝜙? 

▪ Search M = 𝑆, 𝑠0, Σ𝐼 , ΣO, 𝜏, 𝑜𝑢𝑡

▪ Given: 𝑆, 𝑠0, Σ𝐼 , ΣO
▪ Find: 𝜏, 𝑜𝑢𝑡

▪ How can we do this?

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Bounded Synthesis for Safety Specs 

▪ Search M = 𝑆, 𝑠0, Σ𝐼 , ΣO, 𝜏, 𝑜𝑢𝑡

ρ 𝑞0, 𝑠0 = 𝑡𝑟𝑢𝑒
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Bounded Synthesis for Safety Specs 

▪ Search M = 𝑆, 𝑠0, Σ𝐼 , ΣO, 𝜏, 𝑜𝑢𝑡

ρ 𝑞0, 𝑠0 = 𝑡𝑟𝑢𝑒

ሥ

𝑠∈S

ሥ

𝑞∈𝐹

ρ 𝑞, 𝑠 = 𝑓𝑎𝑙𝑠𝑒

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Bounded Synthesis for Safety Specs 

▪ Search M = 𝑆, 𝑠0, Σ𝐼 , ΣO, 𝜏, 𝑜𝑢𝑡

ሥ

𝑞∈𝑄

ሥ

𝑖∈Σ𝐼

ሥ

𝑠∈𝑆

ρ 𝑞, 𝑠 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠 → 𝜌(𝛿 𝑞, 𝑖, 𝑜 , 𝜏(𝑠, 𝑖))

ρ 𝑞0, 𝑠0 = 𝑡𝑟𝑢𝑒

ሥ

𝑠∈S

ሥ

𝑞∈𝐹

ρ 𝑞, 𝑠 = 𝑓𝑎𝑙𝑠𝑒
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Example20

▪ 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ 𝑄 = q0, q1, q2
▪ I={r}, O={g}. 

▪ 𝐹 = {𝑞2}

▪ k=2
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Example21

▪ 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ 𝑄 = q0, q1, q2
▪ I={r}, O={g}. 

▪ 𝐹 = {𝑞2}

▪ k=2

ρ 𝑞0, 𝑠0 = 𝑡𝑟𝑢𝑒
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Example22

▪ 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ 𝑄 = q0, q1, q2
▪ I={r}, O={g}. 

▪ 𝐹 = {𝑞2}

▪ k=2

ρ 𝑞0, 𝑠0 = 𝑡𝑟𝑢𝑒

ሥ

𝑠∈S

ሥ

𝑞∈𝐹

ρ 𝑞, 𝑠 = 𝑓𝑎𝑙𝑠𝑒 ¬ρ 𝑞2, 𝑠0 ∧ ¬(𝑞2, 𝑠1)
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Example23

▪ 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ 𝑄 = q0, q1, q2
▪ I={r}, O={g}. 

▪ 𝐹 = {𝑞2}

▪ k=2

ሥ

𝑞∈𝑄

ሥ

𝑖∈Σ𝐼

ሥ

𝑠∈𝑆

ρ 𝑞, 𝑠 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠 → 𝜌(𝛿 𝑞, 𝑖, 𝑜 , 𝜏(𝑠, 𝑖))
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Example24

▪ 𝜙 = 𝑄, 𝑞0, Σ𝐼 , Σ𝑂, 𝛿, 𝐹

▪ 𝑄 = q0, q1, q2
▪ I={r}, O={g}. 

▪ 𝐹 = {𝑞2}

▪ k=2

ሥ

𝑞∈𝑄

ሥ

𝑖∈Σ𝐼

ሥ

𝑠∈𝑆

ρ 𝑞, 𝑠 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠 → 𝜌(𝛿 𝑞, 𝑖, 𝑜 , 𝜏(𝑠, 𝑖))

ρ 𝑞0, 𝑠0 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠0 → 𝜌 𝛿 𝑞0, ¬𝑟, 𝑜 , 𝜏 𝑠0, 𝑖 ∧

ρ 𝑞0, 𝑠1 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠1 → 𝜌 𝛿 𝑞0, ¬𝑟, 𝑜 , 𝜏 𝑠1, 𝑖 ∧

ρ 𝑞0, 𝑠0 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠0 → 𝜌 𝛿 𝑞0, 𝑟, 𝑜 , 𝜏 𝑠0, 𝑖 ∧

ρ 𝑞0, 𝑠1 ∧ 𝑜 = 𝑜𝑢𝑡 𝑠1 → 𝜌 𝛿 𝑞0, 𝑟, 𝑜 , 𝜏 𝑠1, 𝑖 ∧

ρ 𝑞1, 𝑠0 …

Erstellt mit einer Testversion von PDF Annotator - www.PDFAnnotator.de
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Thank You25


